The representation for quantiles discussed by Bahadur (1966) and Ghosh (1971) is extended to quantiles from the residuals in a linear model. As an application, a robust test for symmetry is proposed.
.e
I. Introduction
Let Yl""'Yn be independent and identically distributed with k be a sequence n common distribution F, and let F(~) = p. Let of integers k = np + 0 (n l / 2 log n), and let V n n be the k th n sample quantile. Bahadur (1966) and Ghosh (1971) have shown that if F n is the empirical distribution function of Y 1 ""'Y n ' then (1) n l / 2 (V -~-(k /n -F (~))/F~(~))
Actually, Bahadur's result is an almost sure result, but (1) suffices for many statistical applications. Our goal is to extend (1) to the quantiles of the residuals in a simple linear model, using this where Yl""'Y n are i.i.d. with distribution F continuous and strictly increasing in a neighborhood of~, with F(~) = p.
.e to conduct a quick test for symmetry.
We consider the simple linear model z. = x~6 + y .
If 6 is an estimate of 6 (possibly the least squares estimate .o.-n or one of the new robust estimates), the residuals are r. = z. -x~6 = y. -x~(6 -6). Let E (F) be the empirical
distribution function of the residuals (errors), and choose -1/2 2 an = n log n , b n = (log n) . Let k be as above, let n I = (~-a ,~+a), and define V to be the k th order statistic n n n n n of the residuals. We make the following assumptions:
(AI) F has two bounded derivatives in a neighborhood of , and The usual condition on the design matrix will not vary too wildly.
X is that n-lX~X .... r (Drygas (1976) ), and this implies that if with an intercept are easy consequences of the proof presented here.
Define the following processes: . I n n 1 r,n n p,n n 
has a limiting normal distribution (with mean zero and variance independent of the limit distribution of 6 • n Under the hypothesis of symmetry, hypothesis if~P +~I-P = 2~1/2' so one rejects the (5) n l / 2 lv (p) + V (l-p)_2V (1/2)\/0 n n n ·e is too large. To estimate 0 one needs estimates of the density at the quantiles~p'~l-p'~1/2' which can be accomplished as in Bloch apd Gastwirth (1968) by using the Theorem.
